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About a Class of (n, m)—Goups

JANEZ USAN

ABSTRACT. In this paper (km,m)—groups, k& > 3, with one condition are
described.

1. PRELIMINARIES

Definition 1.1 ([1]). Let n > m + 1 and let (Q;A) be an (n,m)—groupoid
(A: Q" — Q™ n,m € N). We say that (Q;A) is an (n,m)—group iff the
following statements hold:

(I) For every i,j € {1,...,n —m+ 1}, i < j, the following law holds

- o _ i—1 i+n—1 —
A AT, a2 ™) = A AT, 2™

< i,j > —associative law/'; and
(II) For every i € {1,...,n—m+1} and for every a} € @ there is exactly one
z" € Q™ such that the following equality holds

i—1 _.om n—m\ _ n
A(al y L1 7a7; )_a’n—m—f—l‘

See, also [3].

Definition 1.2 ([6]). Let n > 2m and let (Q; A) be a (n, m)—groupoid. Let also
e be a mapping of the set Q" 2™ into the set Q™. Then, we say that e is an
{1,n—m+ 1}—neutral operation of the (n, m)—groupoid (Q; A) iff for every

sequence a’1‘_2m over () and for every z1* € Q™ the following equalities hold

A(SET, aEFZm’ e(a71k2m)) = {L‘T
and
Afe(a ") 72" ") = o
Remark 1.1. For m = 1 e is an {1,n}—neutral operation of the n—groupoid

(Q; A) [5]. Cf. Chapter IT in [9].

Proposition 1.1 ([6]). Let (Q; A) be an (n, m)—groupoid and let n > 2m. Then
there is at most one {1,n —m + 1}—neutral operation of (Q;A).
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Proposition 1.2 ([6]). Every (n,m)—group (n > 2m) has an {1,n—m+1}—ne-
utral operation.

See, also [8].

Proposition 1.3 ([8]). Letn > 2m and let (Q; A) be an (n, m)—groupoid. Further
on, let the < 1,n—m+1 > —associative law holds in (Q; A) and for every a} € Q
there is at least one x7* € Q™ and at least one y* € Q such that the following
equalities hold

A(a?_mv xT) = azfm+1
and

A(?An? a?_m) = azferl‘
Then there are mappings € and ~', respectively, of the sets Q" 2™ and Q™™ into
the set Q™ such that the following laws hold in the algebra (Q; A,~',e):

Ale(a} ™), 0" a') = a7
A2, a2 e(a] ™)) = 2,
A, ) ], ) = efaf "),

AT af " () ) = ofaf

(Cf 1.2-1.4)

2. AUXILIARY PROPOSITION

Proposition 2.1 ([8]). Letn > m+1 and let (Q; A) be an (n, m)—groupoid. Also
let

(a) < 1,2 >-associative law hold in (Q; A); and

n—m

(b) For every z{*,yT",af™™ € Q the following implication holds
Ala* ™) = A" ™) = 2" =y
Then (Q; A) is an (n, m)—semigroup.

Proposition 2.2 ([3]). Let (Q; A) be an (n,m)—groupoid and n > m + 2. Also,
let the following statements hold: 1) (Q; A) is an (n, m)—semigroup; 2) For every
al € @ there is exactly one x7' € Q™ such that the following equality holds
Ala}™™, 27") = ap_,, . 1; and 8) For every af € Q there is exactly one yi" € Q™
such that the following equality holds A(y{",at™™) = a;_,, 1. Then (Q;A) is an
(n, m)—group.

1 €
Definition 2.1. Let (Q; B) be a (2m, m)—groupoid and m > 2. Then: (a) B =
B; and (f) for every s € N and for every m§5+2)m eq
stl € 3 S m S m
B (") < BB, 2 )

(s+1)ym+1/"
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Proposition 2.3. Let (Q; B) be a (2m, m)—semigroup, m > 2 and s € N. Then,

for every m( stm Q and for every t € {1,...,sm + 1} the following equality

holds .
B (o) = B(a{ ™, B ), a5,
Sketch of the proof.
1) s =1: By Def. 1.1 and by Def. 2.3, we have

2 , 4
B(z{™) = B(ay ™", B(x ?+2m*1),m§_’;§m)
for every 23™ € Q and for all i € {1,...,m + 1}.

2) s = v : Let for every :U(S+2 € @ and for all ¢t € {1,...,ovm + 1} the

following equality holds

v+1 v m
B (a"™) = B(at™!, B(alt2m 1), 2luEm),
3) v—uv+1:
(v+1)+1 v+3)m (ﬁ) v+l v+2)m v+3)m )
B (@™ E B(B @), e )2

(
BBl Byt ), o) 2 )8)=

> t4-2m (v+2)m+1
v+1
- - +3)my 2)
B (471, Batt 2ty ol 2
2 i1 2m—1 3m—1 +3)my 1.1
B(a{™!, B(B(af 2 Y, gl gm=t) g8y

-1 2 t+i+2m—2\ _t+3m—1 +3 2)
Blal ™, Blaft =2, B(aLHim2), altdm 1) alviim) 2

v+1 . .

t—1 _ t+i—2 t4+i+2m—2\  t+3m—1 (v+3)my
B (2}, 7y 7B($t+ifl ), t+it2m—11 Tt+3m ) =
v+1 . .

t+i—2 t+i+2m—2 (v+3)m
B (] , B( t+i—1 )7xt+i+2m71)‘

O
By Def. 1.1, Def. 2.3 and by Prop. 2.4, we obtain:

Proposition 2.4. Let (Q; B) be a (2m,m)—semigroup, m > 2 and (i,j) € N2.

Then, for every 33( Hitm Q and for allt € {1,...,im+1} the following equality
holds "

5 G4+ D)m Dm—1y _(i+j+1)m
B0 = el B U 2

By 1.3 and by 1.4, we have:

Proposition 2.5 ([2]). Let (Q; B) be an (n,m)—group and n = 2m. Then there
is exactly one e" € Q™ such that for all " € Q™ the following equalities hold

(n) B@f, o) =2 and  B(e},af) = o}

Remark 2.1. For m =1, e]" is a neutral element of the group (Q; B).
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Proposition 2.6 ([2]). Let (Q; B) be a (2m,m)—group, and let e]* € Q™ satis-
fying (n) [from 2.6] for all z7* € Q™. Then for alli € {0,1,...,m} and for every
' € Q™ the following equality holds

B(.’L'Zl, eina xﬁl) - xT
Sketch of the proof. m > 1:

Bzt e 2t ) Y Bel, A(at, e, 2T )

1.1(1 . .
8 B(ei, Bl o, el), 2l )

—~
N

T, i om i _m
= B(61a6i+17$1’xi+1)

= B(el",21") = 7"

O
Proposition 2.7 ([2]). Let (Q; B) be a (2m,m)—group, and let e* € Q™ satis-
fying (n) [from 2.6] for all 27" € Q™. Then: e; = ez = ... = ep,.
Sketch of the proof. m > 1:
B(€72n> egna 61) 2:7 6317 €1 =
m m _.m (n)
B(62 761762 761) — 62 , €1 =
AT
B(eg' e1,ey', e1) = Bley', e1, el") ! 1:(> ) ey’ e1 = e,
whence, we obtain e; = e3 = ... = €. O

See, also [4].

3. RESULTS

Theorem 3.1. Let k > 2, m > 2,n = k-m, (Q;A) (n,m)—group and e its
{1,n —m+ 1}—neutral operation. Also let exist sequence a?_Qm over Q such that
for all i € {0,1,...,2m — 1}, and for every z3™ € Q the following equality holds

(O) A(x?h a7lz—2m’ x?—Tl) = A(.’I;%m, a111—2m)_

Further on, let

(1) B@?™) Y Ay, ap a2 )
and

k
(2) e Aol )

for all z3™ € Q. Then the following statements hold
(i) (Q;B) is a (2m, m)—group;
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(i3) For all z¥™ € Q
k
Ale}™) = B(f™, of");
and
(tit) For all j € {0,...,m — 1} and for every z{* € @Q the following equality
holds 4
B(I“i, CT: x;r—Lt-l) = B(ng" an)
Proof. Firstly we prove that under the assumption the following statements hold:
1° For all 3™ € Q the following equality holds
B(B(ai™), 23 41) = Blay, B(23"™ ), 257 1,).
2° For all b2™ € @ there is exactly one 2" € Q™ such that the following

equality holds
($1 ?bm) - bm+1

3° (Q; B) is a (2m, m)—semigroup.
4° For all b§™ € Q there is exactly one y!* € Q™ such that the following

equality holds
B, y1") = bm+1

Sketch of the proof of 1°:

—~
=

1) _
B(B(zi™),a3m 1) = A(A(, al ™", aiit ), ay 2" ag ) =
_ 1.1(1)
:A(A(a:{”,a’f Qmﬂiﬁl)yﬂhmﬂ,a? 2m w%%w) =

(0)(1)

_ n—2m _2m n—2m _.3m
= A(z1, A(zy", af =", 2, Tame1), a7 7 T o)

= B(x1, B(z3™"), 23 15).
Sketch of the proof of 2°:
B2, b7") :bgnﬂ & A2, al 7™ b7) = bt m+1s
whence, by Def. 1.1-(II), we obtain 2°.

Sketch of the proof of 3°: By 2° and by Prop. 2.1.
Sketch of the proof of 4°:

B(by", z1") m+1 Q:QA 1 7‘1711 2m7y11n) bm+17

whence, by Def. 1.1-(II), we have 4°.
The proof of (i): By 2°,3°,4° and by Prop.2.2.
Sketch of the proof of (ii) [to the case k = 4]:
Ay, 2l B AT, o, 2, A, a2, e(a)~2m)) R
= Ay AGT uf' af "), e(af ")) =

= Az, y1", A" y 2 ,utt), e(% - ) =
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1.4
(=, y", B(2 ul), e(a}™2™)) =

—~

ol i, A(B(A" uf), af 2", e(a] ™) e

A

@

IJ>

’é‘

)

(
gl B, ), al =2 e(a]2m), e(a)2m)) Y
(
)

i, B(yi", B(=1", ui")), e(ai "), e(a] "

I
D>D>D>/ED>D>D>D>

S
)

(
(", ay ™", B, ui")), e(ay ™), e(a
(
(

—~

o AB(, B ul)), a7, e(af ™)), e(a]™*™), e(a] ™)) =

—~

A, Byl", B(21",ul")), a7 ™), e(a] ™"

)
m m . m n—2m n—2m n—2myy (1)
- B(yl 7B(Zl y U )))7e(a1 2 )7e(a1 2 )ae(al 2 )) =
m ,m —om 2.
— A(B(}, B, B, up), e(ap ™), e(ap 7)) 2

(=", y1", 21", uy")), A(e(al™ 2),a1 ,e(af ? ), e(aj ) ) =

[L
Ujoo

/N /N

(", 21 ), Al 2", e}~ efa] ™)), elaf ) [) M2

1
:J>
bjco

3 4
—m n—2m @
=A B xl 7y1 y 21 7“’1) 2 7A(e(a1 ) >) =

(
B(% =y, 2 ), A(e(a?i y )) @

2oom .m _m . my my23
= B(B(z71",y1", 21", u1"), ") =
4
= B(a?", y1", 21" ul", o).
Sketch of a part of the proof of (iii):
By (ii) and by

A(A(l™), abmomy = Az, (™), 2a2kmom),

~

we have

k k km m 2km—m _m k k k-m 2km—m m
B(xy, B(zy™, ", Thoma1), Thms ,c') = B(x1, B(xs™, "),z ),

' Tlom42 » €1
and by Def.1.1-(IT), we have

k km _m k km+1 m
B(zg™, ", Tpmi1) = B(xy ),
i.e., by Prop. 2.4,
k—1

B (wé Jt 7B(x](€k71)-m+27cl 7$k-m+1)) =B (IE; ymt 7B( I(gk_ii—)?m_i_gacl ))
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Finaly, hence we obtain

k-m m _ k-m+1 m
B(x(k—1)~m+2’cl s Thm+1) = Bz L(k—1)-m+2 € 1),

i.e., we obtain (iii) for j =m — 1. O
Theorem 3.2. Let m > 2, (Q;B) be a (2m,m)—group, and let e e QM its
neutral element (cf. Prop. 2.8). Also let ¢* be an element of the set Q™ such
that for every i € {0,1,...,m — 1} and for every z{* € Q™ the following equality
holds
(a) B(zf, e, xiyy) = Bat, ")
(c¢f. Prop. 2.6 and Prop. 2.7). Further on, let k > 2 and
k
(b) A(zy ") = B(z{™, cf")
for all 5™ € Q. Then (Q; A) is a (k- m, m)—group with condition:
(c) Exist sequence agk_Q)‘m over Q such that for all j € {0,...,2m — 1} and
for every 3™ € Q the following equality holds
A(HS{, aﬁk‘z)'m,wf-fl) = A(z?™, agk_Q)'m).
Proof. Firstly we prove that under the assumptions the following statements hold:

1 For all 22™=™ ¢ ( the following equality holds

A(A(@™), oy = Awy, A(zh ™), akmom)

[< 1,2 > —associative law].
2 For all b3*™ € @ there is exactly one 7" € Q™ such that the following

equality holds
A(‘Tl 7bkm m) - bkm m+1-

(Q; A) is a (km, m)—semigroup.

4 For all b3*™ € @ there is exactly one y* € Q™ such that the following
equality holds

o wWo

A(blf.m_m7 {n) - bk -m—m+1-
g) For all j € {0,...,2m — 1} and for every xlkm € @ the following equality
holds
j (k=3)m m m 3): my—
A(l‘{a € a(cl ) 17$32+1) = A(:L‘% 9 € a(cl ) 1)7

where

(d) B((¢)™,¢m) =€ [cf. Prop. 1.5 and Prop. 2.8].
Sketch of the proof of 1:

k k 25
At agtmom) @ BBk o), afmr, o) B

k k km _m 2km—m _my 24
= B(CCI,B((L'2 »C1 7$k-m+1) wkm+2 » C1 ) =
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= Blar, B @™ Bl s ) a2 ) @
— Blor, B (@ ™ Bkl e, adimem gy 2
= Blay, B(eE™H o), a2bmom oy O
= Az, Ay ™), 2.
Sketch of the proof of 5:
Ay b D) = b 1) m s Or B(a b ™ ) = b 1) m s 2

m k-1 k—1)m m -m
B(a",( B b(1 ) 1)) = b](ck—l)~m+l‘

Sketch of the proof ofg: By i,% and by Prop. 2.1.
Sketch of the proof of 4:

k—1)- k  k=1)m m m m 2.4
A(b(1 S yr') = b(k 1)-m+1 5:2 B(bg : 1A' = b](fkq)-mﬂ =
B (bg ) ’B(yl y C1 )) = bfk—l)-m—‘rl —
k- —1)-m m m -m .
B (bgk Y , B(cl",y1")) = b?k—l)-m—l—l &
ko (k=1)m m 23 ol (k—1)m om m
B(b1 e ylt) = b(k 1)m+l = B(B (bl 1)) = b(k—1)~m+1‘

Sketch of a part of the proof ofg [to case k = 4]:

m ™ my—1y ) m M my\— my 2-
(CC% 76)(61) 1) = B(LU% ) 7(01) lucl ) =
2

N

3 3
= B" !¢, ¢, wam) = Bai"™ e, B(() T o), wom) = 2

e
3 2m—1 ™ _ —-m m
B(z7 ,€e,¢1, B((ey', cl*, wam))

;2

3 4
= B(w%m_l,@,él,B(Egl,xgm,cl ) = B(w%m 17 L, O, Ty Tom, €]Y) =

4 1 m _ (b) _ _
:B(:L‘%m 1767(6?1) lameacl ) = A(x%m 1>Tg7 (Crln) 17$2m)-

—~

a

~
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By 5 — éol, Prop. 2.2 and by g, we obtain (Q;A) is a (km, m)—group with
condition (c). O

Remark 3.1. a) In [3] the following proposition is proved. Let (Q; A) be a
(k- m,m)—group, m > 2, k > 3 and let

2 k- def k-
Al 2 G ) = Al™)

for all z§™ € Q. Then there exist binary group (Q™,B), an element
cl® € Q™ and an automorphism ¢ of this group, such that for each

TP Ty T g € QT
k
2 k- 2 k—1/_.k-
A(xTv xmn?H’ T 7$(lcﬁ—ll)-m—i-l) = B($71n7 SO(mmWh% P (x(le)-m+1)7 CT)?
plef) =i
and

B("H(af"), ") = B(cf", 2{").

b) B, and ¢]" from a), according to [7], are defined in the following way
m my def m (k=2)m m
B(xl y Y1 ) = A(l"l 7ag ) y Y1 ),

my def k—2)m m k—2)-m
p(@) = Ale(al ™), 27, ol

and
k
ot def A(e(alk_2 'm) )

for all z1", y7* € Q™, where (Q; A) is a (k-m, m)—group, e its {1,n —m+
1}—neutral operation and k£ > 3. [Cf. Th. 3.1-IV in [9]/

c¢) If condition (¢) from Th. 3.2 in (Q; A) holds, then ¢(z7") = z* for all
e @m.
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